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Abstract
Let F be a Kähler spin foliation of codimension q = 2n on a compact Riemannian manifold M with the transversally holomor-
phic mean curvature form κ . It is well known [S.D. Jung, T.H. Kang, Lower bounds for the eigenvalue of the transversal Dirac
operator on a Kähler foliation, J. Geom. Phys. 45 (2003) 75–90] that the eigenvalue λ of the basic Dirac operator Db satisfies the
inequality λ2  n+14n infM {σ∇ +|κ|2}, where σ∇ is the transversal scalar curvature ofF . In this paper, we introduce the transversal
Kählerian twistor operator and prove that the same inequality for the eigenvalue of the basic Dirac operator by using the transversal
Kählerian twistor operator. We also study the limiting case. In fact, F is minimal and transversally Einsteinian of odd complex
codimension n with nonnegative constant transversal scalar curvature.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
On a Kähler spin manifold (M2n, gM), any eigenvalue λ of the Dirac operator satisfies
(1.1)λ2  n+ 1
4n
inf
M
S, if n is odd,
where S is the scalar curvature of (M2n, gM) (see [4] and [8]).
On a Kähler spin foliation F of codimension q = 2n, the analogous result corresponding to (1.1) is proved in [6]
by using the similar method on [8]. Namely, any eigenvalue λ of the basic Dirac operator Db restricted to the space
of basic sections of a foliated spinor bundle on a Kähler spin foliation F satisfies the inequality
(1.2)λ2  n+ 1
4n
inf
M
Kσ ,
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if
√
n+1
4n infM Kσ itself is an eigenvalue of Db, then F is minimal and transversally Einsteinian of odd complex
dimension n with nonnegative constant transversal scalar curvature σ∇ . The main technique in the proof of (1.3) is
the introduction of modified connection
fg
∇ such that
(1.3)
fg
∇X Ψ = ∇XΨ + fπ(X) ·Ψ + igJπ(X) · ι2Ψ for X ∈ TM,
where f,g are real valued basic functions and ι is a bundle map (see [6] for details).
In this paper, we prove the inequality (1.2) on a Kähler spin foliation by using the transversal Kählerian twistor
operator P rtr :Γ S(F) → Γ (Q ⊗ S(F)), which is locally defined by
(1.4)P rtrΨ =
q∑
a=1
Ea ⊗
{
∇EaΨ +
1
4r
(Ea · DtrΨ + JEa · D˜trΨ )
}
,
where {Ea} is an orthonormal basic frame in Q (see [9] for ordinary case).
This paper is organized as follows. In Section 2, we review the basic facts and well-known formulas proved in [6]
on the Kähler spin foliation F . In Section 3, we study the transversal Dirac operator and prove identities, which we
need in this paper. In Section 4, we introduce transversal Kählerian twistor operator of type r and prove the inequality
(1.2). In Section 5, we study the properties of the basic Kählerian twistor spinor and the limiting case.
Throughout this paper, we consider the bundle-like metric g˜M for (M,F) such that the mean curvature form of F
is basic and harmonic. The existence of the bundle-like metric gM for (M,F) such that κ is basic, i.e., κ ∈ Ω1B(F),
is proved in [2]. In [11,12], they proved that for any bundle-like metric gM with κ ∈ Ω1B(F) there exists another
bundle-like metric g˜M for which the mean curvature form is basic-harmonic.
2. Kähler spin foliation
Let (M,gM,F) be a Riemannian manifold with a Kähler spin foliation F [6] of codimension q = 2n and a bundle-
like metric gM with respect to F . We recall the exact sequence
(2.1)0 → L → TM π→Q → 0
determined by the tangent bundle L and the normal bundle Q of F . The assumption of gM to be a bundle-like metric
means that the induced metric gQ on the normal bundle Q satisfies the holonomy invariance condition θ(X)gQ = 0 for
all X ∈ Γ L, where θ(X) denotes the Lie derivative with respect to X. Now we denote by ∇ the canonical connection
of the normal bundle Q = TM/L of F . It is defined by
(2.2)
{∇Xs = π([X,Ys]) for X ∈ Γ L,
∇Xs = π(∇MX Ys) for X ∈ Γ L⊥,
where s ∈ ΓQ, and Ys ∈ Γ L⊥ corresponding to s under the canonical isomorphism L⊥ ∼= Q. The connection ∇ is
metric and torsion free. The curvature R∇ of ∇ is defined by
R∇(X,Y ) = ∇X∇Y − ∇Y∇X − ∇[X,Y ] for X,Y ∈ TM.
Since i(X)R∇ = 0 for any X ∈ Γ L [7,14], we can define the (transversal) Ricci curvature ρ∇ :ΓQ → ΓQ and the
(transversal) scalar curvature σ∇ of F by
ρ∇(s) =
∑
a
R∇(s,Ea)Ea, σ∇ =
∑
a
gQ
(
ρ∇(Ea),Ea
)
,
where {Ea}a=1,...,q is an orthonormal basic frame in Q. F is said to be (transversally) Einsteinian if
(2.3)ρ∇ = 1
q
σ∇ · id
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(2.4)κ(X) = gQ
(∑
i
π
(∇MEiEi),X
)
for X ∈ ΓQ,
where {Ei}i=1,...,p is an orthonormal basis of L. The foliation F is said to be minimal if κ = 0. Let ΩrB(F) be the
space of all basic r-forms, i.e.,
ΩrB(F) =
{
φ ∈ Ωr(M) | i(X)φ = 0, θ(X)φ = 0, for X ∈ Γ L}.
Since the exterior derivative preserves the basic forms (that is, θ(X)dφ = 0 and i(X)dφ = 0 for φ ∈ ΩrB(F)), the
restriction dB = d|Ω∗B(F) is well defined. The basic Laplacian acting on Ω∗B(F) is defined by
B = dBδB + δBdB,
where δB is a formal adjoint of dB . If F is the foliation by points of M , the basic Laplacian is the ordinary Laplacian.
Now, we review the properties of Kähler spin foliation which is studied in [6]. Note that for any X,Y ∈ ΓQ
(2.5)Ω(X,Y ) = gQ(X,JY )
defines a basic 2-form Ω , which is closed as consequence of ∇gQ = 0 and ∇J = 0, where J :Q → Q is an almost
complex structure on Q [13].
Let S(F) be a foliated spinor bundle of the Kähler spin foliation F and 〈·, ·〉 a hermitian scalar product on S(F).
By the Clifford multiplication in the fibers of S(F) for any vector field X in Q and any transversal spinor field
Ψ , the Clifford product X · Ψ , which is also a transversal spinor field, is defined. This product has the following
properties: for all X,Y ∈ ΓQ and Φ,Ψ ∈ Γ S(F),
(2.6)(X · Y + Y · X)Ψ = −2gQ(X,Y )Ψ,
(2.7)〈X · Ψ,Φ〉 + 〈Ψ,X · Φ〉 = 0,
(2.8)∇Y (X ·Ψ ) = (∇YX) · Ψ +X · (∇YΨ ),
where ∇ is a metric covariant derivation on S(F), i.e., for all X ∈ ΓQ, and all Ψ,Φ ∈ Γ S(F), it holds
(2.9)X〈Ψ,Φ〉 = 〈∇XΨ,Φ〉 + 〈Ψ,∇XΦ〉.
Moreover if we define the Clifford product ξ · Ψ of a 1-form ξ ∈ Q∗ and a transversal spinor field Ψ as
(2.10)ξ ·Ψ ≡ ξ · Ψ,
where ξ ∈ ΓQ is a gQ-dual vector of ξ , then any basic r-form can be considered as an endomorphism of S(F).
Namely, for any basic form ω = ∑i1<···<ir ωi1···ir θ i1 ∧ · · · ∧ θir (∈ ΩrB(F)), we define the Clifford product ω · Φ
locally by
(2.11)ω ·Φ =
∑
ωi1···ir θi1 · · · θirΦ.
From (2.11), it is well known [6] that
(2.12)Ω = −1
2
∑
a
Ea · JEa = 12
∑
a
JEa · Ea,
where {Ea}a=1,...,2n is an orthonormal basic frame in Q. From (2.12), the relations
(2.13)X · Ω − Ω · X = 2JX for X ∈ ΓQ,
(2.14)〈Ω · Ψ,Φ〉 = −〈Ψ,Ω ·Φ〉 for Φ,Ψ ∈ Γ S(F)
hold. Note that the foliated spinor bundle S(F) of a Kähler spin foliation F splits into the orthogonal direct sum
(2.15)S(F) = S0 ⊕ S1 ⊕ · · · ⊕ Sn,
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(r = 0, . . . , n) of Ωx :Sx(F) → Sx(F). If pr :S(F) → Sr is the projection, then we have
(2.16)Ω =
n∑
r=0
iμrpr , μr = n− 2r.
For any vector field X ∈ ΓQ, we have the relations
(2.17)Xps = ps−1Xps + ps+1Xps,
(2.18)J (X)ps = −ips−1Xps + ips+1Xps (s ∈ N),
where ps = 0 for s /∈ {0,1, . . . , n} (cf. [6] and [8]).
3. The transversal Dirac operator
Let (M, g˜M,F) be a compact Riemannian manifold with a Kähler spin foliation F and a bundle-like metric
g˜M . Moreover, in this section we assume that the mean curvature vector κ of F is transversally holomorphic, i.e.,
θ(κ)J = 0, equivalently, ∇J sκ = J∇sκ for any s ∈ ΓQ. The transversal Dirac operator Dtr acting on sections of
the foliated spinor bundle S(F) is locally given by [1,3,5,6]
(3.1)DtrΨ =
∑
a
Ea · ∇EaΨ −
1
2
κ · Ψ,
where {Ea}a=1,...,2n is a local orthonormal basic frame in Q. At any point x ∈ M , we choose normal coordinates at
this point so that (∇Ea)(x) = 0, for all a. From now on, all the computations in this paper will be made in such charts.
Associated with J , there is a transversally elliptic self-adjoint operator D˜tr locally defined by [6]
(3.2)D˜trΨ =
∑
a
JEa · ∇EaΨ −
1
2
Jκ ·Ψ.
Now, we define the subspace ΓBS(F) of basic or holonomy invariant sections of S(F) by
ΓBS(F) =
{
Ψ ∈ Γ S(F) | ∇XΨ = 0 for X ∈ Γ L
}
.
Then we see that Dtr leaves ΓBS(F) invariant if and only if the foliationF is isoparametric, i.e., κ ∈ Ω1B(F). Let Db =
Dtr|ΓBS(F) :ΓBS(F) → ΓBS(F). This operator Db is called the basic Dirac operator on (smooth) basic sections.
Then we have the following theorem.
Theorem 3.1 [6]. Let (M, g˜M,F) be a Riemannian manifold with a Kähler spin foliation F and a bundle-like metric
g˜M . Suppose the mean curvature vector of F is transversally holomorphic. Then we have
(3.3)D2trΨ = D˜2trΨ = ∇∗tr∇trΨ +
1
4
KσΨ,
(3.4)DtrD˜tr + D˜trDtr = 0
where Kσ = |κ|2 + σ∇ and ∇∗tr∇trΨ = −
∑
a ∇Ea∇EaΨ + ∇κΨ .
Also, we can easily check the following relations [6]:
(3.5)DtrΩ −ΩDtr = 2D˜tr, D˜trΩ −ΩD˜tr = −2Dtr.
Moreover, the foliated spinor bundle S(F) of M carries a bundle map j satisfying the relations [4,8]:
(3.6)∇j = 0, [X,j ] = 0, 〈jΨ, jΦ〉 = 〈Φ,Ψ 〉 and j2 = (−1) n(n+1)2 .
From the above identities we have the following relations
(3.7)[Dtr, j ] = 0, [D˜tr, j ] = 0, [Ω,j ] = 0 and jpr = pn−r j.
On the other hand, from [6, Proposition 5.4], we have the following proposition.
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q = 2n, then the corresponding eigenspace Eλ(Db) splits into the orthogonal direct sum
(3.8)Eλ(Db) =
n⊕
r=1
Eλr (Db),
where each eigenspinor Ψ ∈ Eλr (Db) has a decomposition Ψ = Ψr−1 + Ψr with Ψi ∈ ΓBSi = Si ∩ ΓBS(F) (i =
r − 1, r) such that the equations
(3.9)DbΨr−1 = λΨr, DbΨr = λΨr−1, ‖Ψr−1‖ = ‖Ψr‖
are satisfied, where 〈〈Ψ,Φ〉〉 = ∫
M
〈Ψ,Φ〉.
From the last equation in (3.7), we have the relation
(3.10)Eλn−r+1(Db) = jEλr (Db).
Hence the decomposition (3.8) in Proposition 3.2 can be written as
(3.11)Eλ(Db) =
[(n+1)/2]⊕
r=1
{
Eλr (Db)+ jEλr (Db)
}
.
Now, letD+ andD− be the operators defined byD± = 12 (Dtr ∓ iD˜tr). Then from (3.3) and (3.4), we have the following
equations
(3.12)D2+ = 0, D2− = 0.
Since Dtr =D+ +D− and D˜tr = i(D+ −D−), we have the following equations
(3.13)D2tr =D+D− +D−D+, DtrD˜tr = −i(D+D− −D−D+).
From (3.6) and (3.7), we have that for any spinor field Ψ
(3.14)D+(jΨ ) = jD−Ψ, D−(jΨ ) = jD+Ψ.
For a real vector X in Q let us consider the corresponding complex vectors
c(X) := 1
2
(X − iJX), c¯(X) := 1
2
(X + iJX).
It is trivial from (2.17) and (2.18) that
(3.15)c(X)ps = ps+1Xps, c¯(X)ps = ps−1Xps.
From (3.15) we have the following equations
(3.16)D+ps = ps+1Dtrps, D−ps = ps−1Dtrps.
Hence, from (3.9) and (3.16) we have the following lemma.
Lemma 3.3. Let F be a Kähler spin foliation. If Ψ = Ψr−1 + Ψr ∈ Eλr (Db), then
(3.17)D−Ψr−1 = 0, D+Ψr = 0,
(3.18)D−Ψ = λΨr−1, D+Ψ = λΨr,
(3.19)D2bD−Ψ = λ2D−Ψ, D2bD+Ψ = λ2D+Ψ.
Corollary 3.4. Let F be a Kähler spin foliation. For any Ψ = Ψr−1 +Ψr ∈ Eλr (Db), we have
D˜bΨr−1 = iDbΨr−1 = iλΨr, D˜bΨr = −iDbΨr = −iλΨr−1.
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(3.20)〈JX ·Ψ, D˜bΨ 〉 = 〈X ·Ψ,DbΨ 〉.
Proof. Let Ψ = Ψr−1 + Ψr ∈ Eλr (Db). From (2.13), we have that for any X ∈ ΓQ,
(3.21)2〈JX ·Ψ, D˜bΨ 〉 = 〈X ·Ω ·Ψ, D˜bΨ 〉 − 〈Ω · X ·Ψ, D˜bΨ 〉.
Since Ω ·Ψ = Ω(Ψr−1 + Ψr) = iμr−1Ψr−1 + iμrΨr and D˜bΨ = i(D+ −D−)Ψ , we have
〈X ·Ω ·Ψ, D˜bΨ 〉 = μr−1
〈
X ·Ψr−1, (D+ −D−)Ψ
〉+ μr 〈X · Ψr, (D+ −D−)Ψ 〉.
From (2.7) and Lemma 3.3, we have
(3.22)〈X ·Ω ·Ψ, D˜bΨ 〉 = λμr−1〈X ·Ψr−1,Ψr 〉 − λμr〈X · Ψr,Ψr−1〉.
Similarly, we have
(3.23)〈Ω · X ·Ψ, D˜bΨ 〉 = λμr〈X · Ψr−1,Ψr 〉 − λμr−1〈X · Ψr,Ψr−1〉.
From (3.22) and (3.23), we have
(3.24)2〈JX ·Ψ, D˜bΨ 〉 = λμr−1〈X ·Ψ,Ψ 〉 − λμr 〈X ·Ψ,Ψ 〉.
From (3.24), it follows that
(3.25)〈JX ·Ψ, D˜bΨ 〉 = λ〈X ·Ψ,Ψ 〉 = 〈X ·Ψ,DbΨ 〉.
Next, let Ψ ∈ Γ Sr . Then from (2.13) and (3.5), we have
〈JX ·Ψ, D˜bΨ 〉 = 12 〈JX ·Ψ,DbΩ · Ψ − Ω · DbΨ 〉
= −1
2
iμr 〈JX ·Ψ,DbΨ 〉 + 12 〈Ω · JX · Ψ,DbΨ 〉
= −1
2
iμr 〈JX ·Ψ,DbΨ 〉 + 12 iμr 〈JX ·Ψ,DbΨ 〉 + 〈X · Ψ,DbΨ 〉.
Hence we have that for any Ψ ∈ Γ Sr , 〈JX · Ψ, D˜bΨ 〉 = 〈X · Ψ,DbΨ 〉. 
4. Eigenvalue estimate
For any r = 1, . . . , n and vector field X, we define P rX :Γ S(F) → Γ S(F) by (cf. [9])
(4.1)P rXΨ = ∇XΨ +
1
4r
{
π(X) ·DtrΨ + Jπ(X) · D˜trΨ
}
.
Then the operator P rtr :Γ S(F) → Γ (Q⊗ S(F)) locally given by
(4.2)P rtrΨ =
∑
a
Ea ⊗ P rEaΨ,
is called the transversal Kählerian twistor operator of type r , where {Ea} is an orthonormal basic frame of Q.
From (2.13) and (3.5), we have that for r = 1, . . . , n and each vector field X ∈ Q, the equation
(4.3)Ω ◦ P rX = P rX ◦Ω
holds. From (4.3), we have the following equation
(4.4)ps ◦ P rX = P rX ◦ ps (r = 1, . . . , n; s = 0, . . . , n).
If we put P r,sX := P rX ◦ ps , then the corresponding operator
(4.5)P r,str := P rtr ◦ ps :Γ S(F) → Γ
(
Q ⊗ S(F))
136 S.D. Jung / Differential Geometry and its Applications 24 (2006) 130–141is called the transversal Kählerian twistor operator of type (r, s). Trivially we have
(4.6)P rtr =
n∑
s=0
P
r,s
tr (r = 1, . . . , n).
From (3.7), we have the following formula
(4.7)jP r,str = P r,n−str j (r = 1, . . . , n; s = 0, . . . , n).
Now, we define F :Γ S(F) → R by
(4.8)F(Ψ ) =
∫
M
{
α(Ψ )+ β(Ψ )},
where
(4.9)α(Ψ ) = Re〈κ ·Ψ,DtrΨ 〉, β(Ψ ) = Re〈Jκ · Ψ, D˜trΨ 〉.
Trivially, if F is minimal, then F(Ψ ) = 0 for all spinor fields Ψ ∈ Γ S(F).
Proposition 4.1. For any spinor field Ψ ∈ Γ S(F), we have
F(Ψ ) = 2
n∑
r=0
∫
M
α(Ψr) = 2
n∑
r=0
∫
M
β(Ψr) =
∑
r
F (Ψr),
where Ψr = prΨ .
Proof. From the decomposition (2.15), any spinor field Ψ can be expressed by Ψ =∑r Ψr . Since Dtr =D+ +D−
and D˜tr = i(D+ −D−), by (3.16) we have
(4.10)DtrΨ =
∑
r
{pr+1DtrΨr + pr−1DtrΨr},
(4.11)D˜trΨ = i
∑
r
{pr+1DtrΨr − pr−1DtrΨr}.
From (2.17) and (4.10), we have∑
r
Re〈κ ·Ψr,DtrΨr 〉 =
∑
r
Re〈pr−1κ · Ψr,pr−1DtrΨr 〉 +
∑
r
Re〈pr+1κ · Ψr,pr+1DtrΨr 〉.
Hence from (4.10), we have
α(Ψ ) = Re〈κ ·Ψ,DtrΨ 〉
=
∑
r,s
{
Re〈κ · Ψs,pr+1DtrΨr 〉 + Re〈κ ·Ψs,pr−1DtrΨr〉
}
=
∑
r
Re〈κ ·Ψr,DtrΨr〉 +
∑
r
Re〈pr+1κ ·Ψr+2,pr+1DtrΨr 〉 +
∑
r
Re〈pr−1κ ·Ψr−2,pr−1DtrΨr 〉.
From (2.17) and (4.10), we have
α(Ψ ) =
∑
r
Re〈κ ·Ψr,DtrΨr〉 +
∑
r
Re〈κ ·Ψr+2,DtrΨr〉 +
∑
r
Re〈κ ·Ψr−2,DtrΨr〉.
Similarly, by (2.18) and (4.11) we have
β(Ψ ) =
∑
r
Re〈κ ·Ψr,DtrΨr 〉 −
∑
r
Re〈κ · Ψr+2,DtrΨr 〉 −
∑
r
Re〈κ · Ψr−2,DtrΨr〉.
Hence α(Ψ )+ β(Ψ ) = 2∑r α(Ψr). The others are trivial from Lemma 3.5. 
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(4.12)α(Ψ ) = β(Ψ ) = 0, i.e., F (Ψ ) = 0.
Proof. It is trivial from (2.7) and Lemma 3.5. 
From Lemma 3.3, Propositions 4.1 and 4.2, we have that for any spinor field Ψ = Ψr−1 +Ψr ∈ Eλr (Db)
(4.13)F(D−Ψ ) = −F(D+Ψ ) or F(Ψr−1) = −F(Ψr).
From (3.6), (3.7), (3.14) and (4.13), we have the following lemma.
Lemma 4.3. For any spinor field Ψ ∈ Eλr (Db), we have jΨ ∈ Eλn−r+1(Db) and
F(D−Ψ ) = −F(jD+Ψ ) or F(Ψr−1) = −F(jΨr).
Lemma 4.4 (cf. [4]). For any spinor field Ψ ∈ Γ S(F), we have
(4.14)G(Ψ ) :=
∫
M
〈DbΨ,ΩD˜bΨ 〉 =
∫
M
〈ΩD˜bΨ,DbΨ 〉,
i.e., G(Ψ ) is a real. In particular, if Ψ ∈ Eλr (Db), then we have
(4.15)G(Ψ ) = λ2
∫
M
|Ψ |2 =
∫
M
|DbΨ |2,
(4.16)G(Ψr−1) = −λ2μr
∫
M
|Ψr |2 = −λ2μr
∫
M
|Ψr−1|2,
(4.17)G(jΨr) = λ2μr−1
∫
M
|Ψr−1|2 = λ2μr−1
∫
M
|jΨr |2.
By a straightforward calculation, we obtain the following equation. For any spinor field Ψ ∈ ΓBS(F)∣∣P rtrΨ ∣∣2 =∑
a
〈P rEaΨ,P rEaΨ 〉
= |∇trΨ |2 + n− 4r8r2
(|DbΨ |2 + |D˜bΨ |2)− 14r
{
α(Ψ ) + β(Ψ )}
(4.18)+ 1
8r2
{〈DbΨ,ΩD˜bΨ 〉 + 〈ΩD˜bΨ,DbΨ 〉}.
From (3.3) and (4.18), we have the following proposition.
Proposition 4.5. Let (M, g˜M,F) be a Riemannian manifold with a Kähler spin foliation F of codimension q = 2n
and a bundle-like metric g˜M . Assume that the mean curvature vector is transversally holomorphic. Then for any spinor
field Ψ ∈ ΓBS(F) and r = 1, . . . , n, we have
4r2
∫
M
∣∣P rtrΨ ∣∣2 + rF (Ψ ) =
∫
M
{
f (r)|DbΨ |2 − r2Kσ |Ψ |2
}+G(Ψ ),
where Kσ = σ∇ + |κ|2 and f (r) = 4r2 − 2r +μr .
From Lemma 4.4 and Proposition 4.5, for any eigenspinor Ψ = Ψr−1 + Ψr ∈ Eλr (Db) corresponding to the eigen-
value λ of Db we have
(4.19)4r
∫ ∣∣P rtrΨr−1∣∣2 + F(Ψr−1) = (4r − 2)
∫ (
λ2 − r
4r − 2K
σ
)
|Ψr−1|2.M M
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(4.20)4r¯
∫
M
∣∣P r¯trjΨr ∣∣2 + F(jΨr) = (4r¯ − 2)
∫
M
(
λ2 − r¯
4r¯ − 2K
σ
)
|jΨr |2,
where r¯ = n− r + 1.
Summing up (4.19) and (4.20), we have that for any eigenspinor Ψ = Ψr−1 +Ψr ∈ Eλr (Db)
(4.21)4
∫
M
{
r
∣∣P rtrΨr−1∣∣2 + r¯∣∣P r¯trjΨr ∣∣2}= 4nλ2
∫
M
|Ψr−1|2 −
∫
M
Kσ
{
r|Ψr−1|2 + r¯|jΨr |2
}
because of
∫
M
|Ψr−1|2 =
∫
M
|Ψr |2 =
∫
M
|jΨr |2. From (4.21), we have
(4.22)4
∫
M
{
r
∣∣P rtrΨr−1∣∣2 + r¯∣∣P r¯trjΨr ∣∣2}
(
λ2 − n+ 1
4n
inf
M
Kσ
)∫
M
|Ψr−1|2.
Hence we have the following theorem (cf. [6]).
Theorem 4.6. Let (M, g˜M,F) be a compact Riemannian manifold with a Kähler spin foliation F of codimension
q = 2n and a bundle-like metric g˜M . Assume that the mean curvature vector is transversally holomorphic and Kσ  0.
Any eigenvalue λ of the basic Dirac operator Db satisfies
(4.23)λ2  n+ 1
4n
inf
M
Kσ .
5. The basic Kählerian twistor spinors and the limiting case
Let (M, g˜M,F) be a Riemannian manifold with a Kähler spin foliation F of codimension q = 2n and a bundle-like
metric g˜M . Assume that the mean curvature vector is transversally holomorphic.
Let Ψ be a basic Kählerian twistor spinor of type r , i.e., Ψ ∈ KerP rtr ∩ Γ SB(F), equivalently, for any vector
X ∈ ΓQ
(5.1)−4r∇XΨ = X · DbΨ + JX · D˜bΨ.
Taking Clifford multiplication of (5.1) with Ea and JEa , respectively, we have
(5.2)(4r − q)DbΨ = 2ΩD˜bΨ − 2r κ ·Ψ,
(5.3)(4r − q)D˜bΨ = −2ΩDbΨ − 2rJκ ·Ψ.
From (5.2) and (5.3), we have
(5.4)(4r − q)D2bΨ = 2DbΩD˜bΨ − 2r Db(κ ·Ψ ),
(5.5)(4r − q)D˜2bΨ = −2D˜bΩDbΨ − 2r D˜b(Jκ · Ψ ).
Since D2b = D˜2b and DbΩD˜b = −D˜bΩDb, from (5.4) and (5.5), it follows that
(5.6)Db(κ · Ψ ) = D˜b(Jκ · Ψ ).
On the other hand, by direct calculation, we have that on the Kähler spin foliation with a basic harmonic form κ
(5.7)Db(κ · Ψ ) = −κ · DbΨ − 2∇κΨ,
(5.8)D˜b(Jκ ·Ψ ) = −Jκ · D˜bΨ − 2∇κΨ.
From (5.6), (5.7) and (5.8), we have
(5.9)κ ·DbΨ = Jκ · D˜bΨ.
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κ ·DbΨ + Jκ · D˜bΨ = 2r
{
Db(κ ·Ψ )+ κ ·DbΨ
}
,
which implies
(5.10)κ ·DbΨ = −Jκ · D˜bΨ.
From (5.9) and (5.10), it follows that
(5.11)κ ·DbΨ = 0.
Hence if there exists a spinor field Ψ with DbΨ = 0, then κ = 0. On the other hand, if we assume that there exists a
spinor field Ψ with DbΨ = 0, then D2b = D˜2b = 0 and (5.2) imply κ = 0. Hence we have the following theorem.
Theorem 5.1. Assume that there exists a spinor field Ψ ∈ KerP rtr . Then F is minimal.
Let Ψ ∈ KerP r,str = ps KerP rtr . Since ΩΨ = iμsΨ , from (5.2), (5.3) and Theorem 5.1, we have
(5.12)μr−1DbΨ = −iμsD˜bΨ,
(5.13)μr−1D˜bΨ = iμsDbΨ.
From (5.12) and (5.13), we have
(5.14)4(n− r − s + 1)(s − r + 1)DbΨ = 0.
Hence we have the following theorem.
Theorem 5.2. If there exists a spinor field Ψ ∈ KerP r,str such that DbΨ = 0, then s = r − 1 or s = n − r + 1.
From (4.7) and Theorem 5.2, we have that
KerP rtr ∩ (KerDb)⊥ = KerP r,r−1tr + j KerP r,r−1tr .
Proposition 5.3. Let n = 2(r − 1). If there exists a spinor field Ψ ∈ KerP r,r−1tr , then D−Ψ = 0.
Proof. Let Ψ ∈ KerP r,r−1tr . From Theorem 5.1, F is minimal. Since ΩΨ = iμr−1Ψ , (5.2) implies that
(5.15)−μr−1DbΨ = iμr−1D˜bΨ.
Since n = 2(r − 1), i.e., μr−1 = 0, we have
(5.16)D˜bΨ = iDbΨ.
Since Db =D+ +D− and D˜b = i(D+ −D−), (5.16) implies
D−Ψ = 0.
This finishes the proof. 
The covariant derivative with respect to Ea of (5.1) gives after summing over a
(5.17)−4r
∑
a
∇Ea∇EaΨ =
∑
a
Ea · ∇EaDbΨ +
∑
a
JEa · ∇Ea D˜bΨ.
From (5.17) and Theorem 5.1, we have that for any spinor Ψ ∈ KerP rtr
(5.18)4r∇∗tr∇trΨ = 2D2bΨ.
From (3.3) and (5.18), we have the following theorem.
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D2bΨ =
r
4r − 2K
σΨ = r
4r − 2σ
∇Ψ.
Now we study the limiting case. Assume that there exists an eigenspinor Ψ = Ψr−1 + Ψr ∈ Eλ1r (Db) with λ21 =
n+1
4n infM K
σ
. From (4.22), we have
(5.19)P rtrΨr−1 = 0 = P r¯trjΨr .
From Theorem 5.1, F is minimal. Hence we have from (5.2) and (5.3)
(4r − q)2DbΨ = −4Ω2DbΨ.
Since Ψ = Ψr−1 +Ψr ∈ Eλ1r (Db), we have
(5.20)(4r − q)2Ψr−1 = −4Ω2Ψr−1.
From (5.20), we have that n− 2r + 1 = 0. This means that n is odd and
(5.21)Ψ = Ψ(n−1)/2 +Ψ(n+1)/2.
Next, we prove that F is transversally Einsteinian. From (3.6), (3.7) and (5.19), we have that for any X ∈ ΓQ and
any eigenspinor Ψ = Ψr−1 +Ψr ∈ Eλ1r (Db)
(5.22)
{
∇XΨr−1 = − 14r {X · DbΨr−1 + JX · D˜bΨr−1},
∇XΨr = − 14r¯ {X ·DbΨr + JX · D˜bΨr}.
From Proposition 3.2 and Corollary 3.4, we have that for any X ∈ ΓQ and any eigenspinor Ψ = Ψr−1 +Ψr ∈ Eλ1r (Db)
(5.23)
{
∇XΨr−1 = −λ14r (X + iJX) ·Ψr,
∇XΨr = −λ14r¯ (X − iJX) · Ψr−1.
Since n+ 1 = 2r for the limiting case, 4r¯ = 4r = q + 2. Hence we have the following lemma.
Lemma 5.5. On the Kähler spin foliation of codimension q = 2n, if there exists an eigenspinor Ψ = Ψr−1 + Ψr ∈
E
λ1
r (Db) such that DbΨ = λ1Ψ , then for any X ∈ ΓQ
(5.24)
{∇XΨr−1 = − λ1q+2 (X + iJX) · Ψr,
∇XΨr = − λ1q+2 (X − iJX) ·Ψr−1,
where 2r = n+ 1.
By a straightforward calculation with Lemma 5.5, we have
(5.25)
∑
a
Ea ·RS(X,Ea)Ψr−1 = − λ
2
1
q + 2X ·Ψr−1.
On the other hand, it is well known [5,10] that for any spinor field Ψ
(5.26)
∑
a
Ea ·RS(X,Ea)Ψ = −12ρ
∇(X) ·Ψ.
From (5.25) and (5.26), we have that for any vector field X ∈ ΓQ
(5.27)ρ∇(X) = 4λ
2
1
q + 2X =
σ∇
q
X.
This means that F is transversally Einsteinian. Hence we have the following theorem (cf. [4] and [6]).
S.D. Jung / Differential Geometry and its Applications 24 (2006) 130–141 141Theorem 5.6. Let (M, g˜M,F) be a compact Riemannian manifold with a Kähler spin foliation of codimension q = 2n
and a bundle-like metric g˜M . Assume that the mean curvature is transversally holomorphic and Kσ  0. If there
exists an eigenspinor Ψ of the basic Dirac operator Db for the eigenvalue λ2 = n+14n infM Kσ , then F is minimal and
transversally Einsteinian of constant transversal scalar curvature σ∇ . In particular, Ψ = Ψ(n−1)/2 +Ψ(n+1)/2.
Remark. Let pr :P 2n+1 → CPn(n = 2l − 1) be a principal circle bundle with a connection form η. Let ξ be the
vertical vector field characterized by η(ξ) = 1. Let g¯ be the Fubini–Study metric of constant holomorphic sectional
curvature 4 on CPn. Then g = pr∗g¯ + η ⊗ η defines a bundle-like metric on P , for which ξ is easily verified to be a
unit Killing vector field. The fibers of pr are geodesics, and define a minimal and transversally Einstein foliation. This
gives an example of the limiting case of Theorem 5.6 (see [7] and [13]).
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